We study slow-roll inflation with a Gauss-Bonnet term that is coupled to an inflaton field nonminimally. We investigate the inflationary solutions for a specific type of the nonminimal coupling to the Gauss-Bonnet term and inflaton potential both analytically and numerically. We also calculate the observable quantities such as the power spectra of the scalar and tensor modes, the spectral indices, the tensor-to-scalar ratio and the running spectral indices. Finally, we constrain our result with the observational data by Planck and BICEP2 experiment. *
I. INTRODUCTION
thanks to the presence of the term in the singularity theorem [10] . In this perspective, one could introduce the Einstein theory of gravity having a scalar field with a nonminimally coupled Gauss-Bonnet term as the effective theory added a quantum correction.
Generally, the Gauss-Bonnet term in four dimensions is known as the topological term, so the dynamics is not influenced by the Gauss-Bonnet term. In order to consider the effect of the Gauss-Bonnet term on the spacetime as well as the field evolution, the Gauss-Bonnet term is required to be coupled to the matter field. Recently a number of papers with this motivation were studied [11] , [12] and discussed phenomenology in detail in [13] , [14] , [15] , [16] and [17] . In Refs. [16] , [17] , the authors studied the specific inflationary model with the Gauss-Bonnet term constrained by the WMAP data in [16] and by the Planck data in [17] . They analytically derived the power spectra of the scalar and tensor perturbations.
They employed a monomial potential and an inverse monomial Gauss-Bonnet coupling that satisfies V (φ)ξ(φ) ∼ const. These choices of the potential and Gauss-Bonnet coupling provide the relatively large parameter values, α ≡ 4κ 4 V 0 ξ 0 /3 ∼ O(10 −2 ), to be consistent with observations and showed that a positive (or negative) coupling leads to a reduction (or enhancement) of the tensor-to-scalar ratio.
In this work, we try to relax the condition V (φ)ξ(φ) ∼ const and then constrain from the recent observations by Planck and BICEP2. We also calculate the spectral indices of the scalar and tensor perturbations, the tensor-to-scalar ratio and the running spectral index.
The outline of this paper is as follows: In Sec. II, we set up the basic framework with the Gauss-Bonnet term for this work. The e-folding numbers are calculated and then give a constraint on the model parameter. In Sec. III, we briefly review the linear perturbations with the Gauss-Bonnet coupling term and then calculate the observable quantities such as the power spectra, the spectral indices, the tensor-to-scalar ratio and the running spectral indices. In Sec. IV, we examine the specific models consistent with our motivations. We compare our result with the observational data by the Planck data and recent BICEP2.
Finally, we summarize our results in Sec. V.
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II. SLOW-ROLL INFLATION WITH THE GB TERM
We consider an action with the Gauss-Bonnet term that is coupled to a scalar field
where φ is an inflaton field with a potential V (φ), R is the Ricci scalar curvature of the
is the Gauss-Bonnet term, and κ 2 = 8πG.
The Gauss-Bonnet coupling ξ(φ) is required to be a function of a scalar field in order to give nontrivial effects on the background dynamics.
Varying the action (1) with respect to g µν and φ yields the Einstein and field equation
where
and T GB are the energy-momentum tensor and its trace for the Gauss-Bonnet term, respectively, which are given by
In a spatially flat Friedmann-Robertson-Walker universe with a scale factor a,
the background Einstein and field equations yield
where a dot represents a derivative with respect to the cosmic time t, H ≡ȧ/a denotes the Hubble parameter, and V ,φ = ∂V /∂φ, ξ ,φ = ∂ξ/∂φ. Since ξ is a function of φ,ξ implieṡ ξ = ξ ,φφ . If ξ is a constant, then Eqs. In this work, we consider slow-roll inflation with the inflaton potential and Gauss-Bonnet coupling satisfying the slow-roll approximationṡ
In addition to the usual slow-roll approximations, we introduce two more conditions related to the Gauss-Bonnet coupling.
To reflect these approximations, we introduce the slow-roll parameters,
We have checked the validity of the new slow-roll parameters during an accelerating phase numerically in Fig. 1 .
If the slow-roll approximations (10) are taken into account, the background equations,
- (9), reduce to
which allows us to obtain the number of e-folds 
where a φ e is determined from the condition (φ e ) = 1 and
If we choose V = V 0 φ n and ξ = ξ 0 φ n , the number of e-folds are calculated assuming φ e is negligible compared to φ i as
where 2 F 1 is the hypergeometric function and α ≡ It is convenient to express the slow-roll parameters (11) in terms of the potential and Gauss-Bonnet coupling:
Equation (14) becomes for V = V 0 φ 2 and ξ = ξ 0 φ
and then we get the solution assuming α-term is negligibly small from Fig. 2 ,
We find that this slow-roll trajectory is the attractor solution in Fig. 3 . The slow-roll trajectories of Eqs. (12)- (14) were proved to be the attractor solutions generally when the Gauss-Bonnet term is coupled to the scalar field in Ref. [16] . We compare the attractor behavior for three cases: standard chaotic inflation (upper), chaotic inflation with the monomial Gauss-Bonnet coupling (middle), and chaotic inflation with the inverse monomial Gauss-Bonnet coupling (below) (which was considered in Ref. [16] ) in Fig. 3 . 
III. LINEAR PERTURBATIONS AND POWER SPECTRA
We briefly review the linear perturbations with the Gauss-Bonnet coupling in this section.
The linearized metric in the comoving gauge in which δφ = 0 takes the form
where R represents the curvature perturbation on the uniform field hypersurfaces and h ij is the tensor perturbation that satisfies h
. If we perform the Fourier transform of R and h ij ,
where ij is a polarization tensor, Sasaki-Mukhanov equations for v s and v t are derived from linearizing Eqs. (2)- (3) 
where [16] [18]
and
Here, a prime represents a derivative with respect to the conformal time τ = a −1 dt.
A , where A = {s, t}, can be written in terms of the slow-roll parameters [16] [18] using the definitions of the slow-roll parameters (11):
where we have used the following relation from Eqs. (7)- (8):
If one keeps the leading order of the slow-roll parameters in z A /z A using (35)- (36), Eqs.
(29)-(30) become
where the parameters are given by up to leading order in slow-roll parameters
In deriving (40), we use the following relation:
One can obtain the exact solutions for (40) assuming that the slow-roll parameters are constants,
where H 
These modes correspond to the choice of the coefficients
where we have used the asymptotic form of the Hankel functions in the limit x ≡ c A k|τ | 1,
Then the exact solution (44) becomes
The power spectra of the scalar and tensor modes are calculated with (49) on the large scales. Since the first kind Hankel function is approximated in the large scale limit (c A k|τ |
1) as
where the second term is dominant, one can obtain the power spectra for the scalar and tensor modes on the large scales
where the factor 2 of the tensor power spectrum comes from the two polarization states and we define
,
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The spectral indices of the scalar and tensor modes and the tensor-to-scalar ratio are given by
We can also calculate the running spectral indices of the scalar and tensor modes
where we have used from (11)
IV. MODELS
In this section, we calculate the n s , n t , r, and
for the specific models using Eqs.
(53)-(56) and then constrain our model predictions with the recent CMB observational data from Planck and BICEP2.
A. Exponential potential with an exponential Gauss-Bonnet coupling
Let us start with the exponential potential and exponential coupling to the GB term
where V 0 , ξ 0 and λ are constants. One can calculate the slow-roll parameters, (18)-(23), for the model given by (62)
Inflation ends at (φ e ) = 1, although inflation does not stop naturally for this scenario, which gives the value of the field at the end of the inflation
where λ = 0. In this section we consider that the value of the field at the end of inflation is much smaller than that of the beginning, which means φ e φ. Therefore, the number of e-folds before the end of inflation is
From (68), we obtain
After substituting the last result (69) into (53) and (55), the spectral index of the scalar modes n s and tensor-to-scalar ratio r can be written as
One, then, can write the relation between r and n S as follows:
Before we compare our theoretical predictions with the observational data by Planck, one last thing that we need to check is the valid model parameter ranges for inflation to happen.
From (67)-(69) , we find that 2 − λ 2 αλ 2 > 0, 0 < α + e 2λφ < 1, and e −2λ 2 N > α.
Since λ 2 is always positive (λ 2 > 0) and α can be negative or positive, we can reach to the following results: if α > 0, 0 < α < e −2λ 2 N , then − √ 2 < λ < √ 2. Or if α < 0,
With these parameter ranges, we can freely choose the model parameters α and λ that are valid for inflation to occur. Unfortunately, these parameter ranges of α and λ are not favored by observational data.
B. Power-law potential and power-law Gauss-Bonnet coupling
We consider an inflationary model with the power-law potential and power-law coupling to the Gauss-Bonnet term characterized as follows:
This class of potential has been widely studied as a simplest inflationary model and includes the simplest chaotic models, in which inflation starts from the large values of an inflaton
For the model with the choice of (73), the slow-roll parameters can be calculated using
The number of e-folds before the end of inflation for the choices of (73) is given in (17) by
It turns out that 2 F 1 1; 
Then the number of e-folds becomes
As we described in Sec. II, α 10
for n = 2 and α 10
for n = 4 to have enough e-folding, N 60. This implies that α can be treated as a small parameter.
We also expand φ to the leading order inα, which is a dimensionless parameter,α =
Substituting (82) into (81), we obtain
With (83), one can rewrite (74)-(78) as follows:
Substituting (84)- (89) into (53)- (57), we obtain n s , r, n t ,
, and
as follows: claims that r 0.2. There seems to be some discrepancy between Planck and BICEP2.
One way out of this discrepancy might be to take into account the running spectral index of the scalar modes [3] . Without the Gauss-Bonnet term (α = 0), Planck data say that the φ 4 model lies well outside of the joint 99.7% CL (confidence level) region in the n s − r plane (Fig. 6 ) and the φ 2 model lie outside of the 95% CL region for N 50 (Fig. 5) . On the contrary, the inflationary models with n = 1 lies within the 95% CL regions (Fig. 4) . If we consider the combination of BICEP2 and Planck, even N = 60 for φ 4 reside within the 95% CL regions, but n = 1 model might be ruled out.
Both n s and r are suppressed if α = 0 and has negative values, but, for α > 0, those are enhanced. These results are completely opposite compared to Ref. [16] , in which r is enhanced for negative α and reduced for positive α for V = V 0 φ n with ξ = ξ 0 φ −n . Because r becomes suppressed as n decreases, Planck data alone favor the n = 1 model, but the BICEP2 + Planck favors n = 2. Even for α = 0, BICEP2 with Planck seems to rule out n = 1 at 95% CL (Fig. 4) . For n = 2 with α = 0 ( the contour. We find that Planck alone favors α < 0 model with N > 50. However, Planck combining with BICEP2 allows both the positive and negative α models with N = 50 and N = 60 at 95% CL and favors N 60. Although the n = 4 model seems to be ruled out by Planck at 99.7% CL [5] , it can be survived according to Planck combining by BICEP2 (Fig. 6) for N > 50 at 95% CL.
To note, data do not constrain on n t ; therefore, in our analysis, n t is varied independent of the tensor-to-scalar ratio [16] .
In Table I , we list the range of the model parameter α in which the predicted value of n s and r is consistent with Planck + BICEP2.
We plot the dn s /d ln k with n s in Figs. 7-9 . The theoretical prediction from (93) is without the running spectral index at 95% CL. We may understand this as follows: As we explained in Sec. I, we consider the running spectral index of the scalar modes as a simple resolution to reconcile BICEP2 with Planck, which was considered in Ref. [3] . Either our theoretical model is not consistent with the observations under the assumption that the BICEP2 data is correct or considerations of the running spectral index may not be the right resolution to reconcile both data.
Therefore, we need to find another way to resolve the inconsistency with BICEP2 data since our predictions are not consistent with the dn s /d ln k-n s data. We will leave it for a future work because these considerations are beyond the scope of this work. 
V. CONCLUSIONS AND DISCUSSIONS
We have investigated the slow-roll inflation with the Gauss-Bonnet term that is coupled to the inflaton field nonminimally. We have considered the potential and coupling function as V (φ) = V 0 e λφ , ξ(φ) = ξ 0 e λφ (Sec. IV A) and
respectively, to relax the condition V (φ)ξ(φ) = const., which was widely studied in Refs.
[16]- [17] . N 60 condition requires that α 10 −6 for V ∼ φ 2 and α 10 −12 for V ∼ φ 4 (see Fig. 2 ) where α = 4 3
The power spectra of the scalar and tensor perturbations were analytically derived in (51) and (52), respectively, with the slow-roll approximation. Observational quantities such as the spectral indices of the scalar and tensor modes, the tensor-to-scalar ratio, and the running spectral indices of the scalar and tensor modes are calculated using these power spectra to compare with the recent CMB observation data, Planck, and BICEP2.
Regarding the tensor-to-scalar ratio, r, the Planck+WMAP data provide the upper bound on r < 0.12, but the BICEP2 observation that detected the B-mode polarization gives r = 0.2. It seems at first sight that there is some mismatch between two observations. In
Ref. [3] , they suggested considering the running spectral index to reconcile BICEP2 with Planck. Although there has been wide study to explain this discrepancy, we consider in this work the running spectral index of the scalar perturbation by accepting the simple resolution of the discrepancy between two data.
First, we have applied our general formalism to the large-field inflationary model with the exponential potential with exponential Gauss-Bonnet coupling (62). In the presence of the Gauss-Bonnet term, we could find the valid model parameter ranges for inflation to happen, unfortunately, these parameter ranges are not favored by the data. Second, we have studied the large-field inflationary model with the monomial potential with monomial Gauss-Bonnet coupling (73). In this scenario, r is enhanced for α > 0 while it is suppressed for α < 0.
This result is completely opposite compared to Refs. [16] - [17] , in which r is enhanced for α < 0 and reduced for α > 0 for the model with potential, V = V 0 φ n , and Gauss-Bonnet coupling, ξ = ξ 0 φ −n .
As shown in Figs. 4-6 , the model parameter α can shift the predicted r value vertically for the fixed number of e-folds in n s -r plane. For n = 1, the theoretical predictions can be made to better fit to Planck data. However, this type of model is not favored by the recent Planck+BICEP2 data. For n = 2, the model with the quadratic potential can be made a better fit to the recent Planck+BICEP2 data within a certain parameter range given in Table I . In the model with n = 4 for α = 0, it is well known that this scenario of inflation is excluded by the Planck data. However, the predictions with α = 0 for n = 4 lie inside of the 2σ contour for N 60.
